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Abstract. In this paper, we prove the S˘mulian’s theorem on Fre´chet differ-
entiability of norm, [3], and present some of its geometric results concerning
the Gateaux and Fre´chet differentiability of norm and properties of the allied
space and its dual such as reflexivity and strict convexity.
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1. Introduction
Differentiability of convex continuous functions has been studied extensively dur-
ing the recent fifty years. Among all functions in this class, the norm function is of
the great importance and deserves to be studied in more detail, since the geometric
structure of the space is highly related to it.In this paper we emphasize on Differ-
entiability of norm and use the S˘mulian’s theorem to prove some geometric results.
2. Basic Definitions and Preliminaries
In this section we recall some elementary definitions and theorems required for
the next parts of the text. Through this paper, X is a normed vector space with
norm ‖.‖ and the unit sphere S(X).
Definition 1. X is said to be locally uniformly convex if for each sequence (xn)
∞
n=1
and any point x in S(X), lim
n→∞
‖xn + x‖ = 2 implies lim
n→∞
‖xn − x‖ = 0. Moreover,
X is strictly convex if x = y whenever x, y ∈ S(X) and (x+ y)/2 ∈ S(X).
Remark 1. Clearly, each locally uniformly convex space is strictly convex.
For example, the Euclidean space ℜ2 is a locally uniformly convex space.
Definition 2. The norm function, ‖.‖, is Gateaux differentiable at 0 6= x if there
is some x∗ ∈ X∗ such that the quantity lim
t→0
‖x+ ty‖ − ‖x‖
t
exists for each y ∈ X
and is equal to 〈x∗, y〉. If the limit exists uniformly for each y ∈ S(X), then the
norm function is said to be Fre´chet differentiable at x.
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The following theorems are proved in [2]:
Theorem 1. if X∗ is strictly convex then the norm function ‖.‖ on X is Gateaux
differentiable .
Theorem 2. The norm function is Fre´chet differentiable at 0 6= x ∈ X if and
only if
lim
t→0
‖x+ ty‖+ ‖x− ty‖ − 2‖x‖
t
= 0,
uniformly for each y ∈ S(X).
3. Main Results
We are now ready to prove the S˘mulian’s theorem and state some of its geometric
results.
Theorem 3. (S˘mulian). Suppose x ∈ S(X). The following are equivalent:
a. The norm function is Fre´chet differentiable at x.
b. For all (fn)
∞
n=1, (gn)
∞
n=1 ⊆ S(X
∗), if lim
n→∞
fn(x) = 1 and lim
n→∞
gn(x) = 1, then
lim
n→∞
‖fn − gn‖ = 0.
c. Each (fn)
∞
n=1 ⊆ S(X
∗) with lim
n→∞
fn(x) = 1 is convergent in S(X
∗).
Proof. a ⇒ b) Let the norm function is Fre´chet differentiable at x. For each
ε > 0 there exists δ > 0 such that
‖x+ y‖+ ‖x− y‖ ≤ 2 + ε‖y‖,
for each y with ‖y‖ < δ. Suppose (fn)
∞
n=1, (gn)
∞
n=1 ⊆ S(X
∗) with lim
n→∞
fn(x) = lim
n→∞
gn(x) = 1.
Since lim
n→∞
fn(x) = 1, there exists N1 ∈ ℵ such that |fn(x) − 1| < εδ for each
n ≥ N1. Similarly, there is N2 ∈ ℵ such that |gn(x)− 1| < εδ for each n ≥ N2. Let
M = max{N1, N2}. Then for any n > M ,
|fn(x)− 1| < εδ and |gn(x)− 1| < εδ
and we have:
(fn − gn)(y) = fn(x+ y) + gn(x− y)− fn(x) − gn(x)
≤ ‖x+ y‖+ ‖x− y‖ − fn(x)− gn(x)
≤ 2 + ε‖y‖ − fn(x) − gn(x)
≤ |fn(x)− 1|+ |gn(x)− 1|+ ε‖y‖
≤ 3εδ.
Hence for each n > M ,
‖fn − gn‖ = sup
h∈S(X)
(fn − gn)(h) = sup
h∈S(X)
(fn − gn)(δh)
δ
≤ 3ε.
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b ⇒ a) Suppose norm is not Fre´chet differentiable at x. So there is ε > 0 such
that for each δ = 1
n
, ‖x+ yn‖+ ‖x− yn‖ > 2 + ε‖yn‖ for some yn with ‖yn‖ ≤
1
n
.
Now according to the Hahn-Banach extension theorem, for each n ∈ ℵ, there are
(fn)
∞
n=1, (gn)
∞
n=1 ⊆ S(X
∗) such that
fn(x + yn) = ‖x+ yn‖ and gn(x − yn) = ‖x− yn‖.
Also for each n ∈ ℵ,
|‖x+ yn‖ − ‖x‖| ≤ ‖yn‖ ≤
1
n
.
Thus |fn(x + yn) − 1| <
1
n
which implies that lim
n→∞
fn(x + yn) = 1. On the other
hand, |fn(yn)| ≤ ‖yn‖ ≤
1
n
which follows that lim
n→∞
fn(yn) = 0. Therefore lim
n→∞
fn(x) = 1.
In a similar way, lim
n→∞
gn(x) = 1.Since
gn(x) ≤ ‖gn‖ = 1 and fn(x) ≤ ‖fn‖ = 1,
we have fn(x) + gn(x) ≤ 2. Thus we conclude that
(fn − gn)(yn) ≥ ‖x+ yn‖+ ‖x− yn‖ − 2 > ε‖yn‖.
Consequently ‖fn − gn‖ ≥ ε which is a contradiction.
b ⇒ c) Let (fn)
∞
n=1 ⊆ S(X
∗) such that lim
n→∞
fn(x) = 1. There is some f ∈ S(X
∗)
such that f(x) = ‖x‖ = 1. For each n ∈ ℵ, let gn = f . Then lim
n→∞
gn(x) = f(x) = 1.
Hence using b we find that lim
n→∞
‖fn − gn‖ = 0 which means that (fn)
∞
n=1 is con-
vergent.
c⇒ b) Consider (fn)
∞
n=1, (gn)
∞
n=1 ⊆ S(X
∗) with
lim
n→∞
fn(x) = lim
n→∞
gn(x) = 1.
For each y ∈ X , define hn(y) = fn+1
2
(y) for odd values of n and hn(y) = gn
2
(y)for
even values of n. So we have
h2n = gn ∈ S(X
∗) and h2n−1 = fn ∈ S(X
∗),
and therefore hn ∈ S(X
∗). Moreover,
h2n(x) = gn(x)→ 1 and h2n−1(x) = fn(x)→ 1.
Hence hn(x)→ 1. Using c there is h ∈ S(X
∗) such that ‖hn − h‖ → 0. Then,
‖fn − gn‖ = ‖h2n−1 − h2n‖ ≤ ‖h2n−1 − h‖+ ‖h2n − h‖ → 0
, as required.
Corollary 1. If X∗ is locally uniformly convex, then the norm function is Fre´chet
differentiable on X .
Proof. Suppose x ∈ S(X), f ∈ S(X∗), f(x) = 1 and (fn)
∞
n=1 ⊆ S(X
∗) such that
lim
n→∞
fn(x) = 1. Then 2 ≥ ‖fn + f‖ ≥ (fn + f)(x)→ 2 as n→∞. Therefore
lim
n→∞
(2‖fn‖
2 + 2‖f‖2 − ‖fn + f‖
2) = 0.
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Now Since X∗ is locally uniformly convex lim
n→∞
‖fn − f‖ = 0. Thus S˘mulian’s the-
orem completes the proof.
Corollary 2. If X∗ is Fre´chet differentiable, then X is reflexive.
Proof. It is known that X is reflexive if and only if each nonzero f ∈ X∗ attains
its norm at some x ∈ S(X). Let f ∈ S(X∗) and choose (xn)
∞
n=1 ∈ S(X) such that
f(xn)→ 1. By the S˘mulian’s theorem, lim
n→∞
xn = x ∈ S(X). Therefore,
f(x) = f( lim
n→∞
xn) = lim
n→∞
f(xn) = 1 = ‖f‖.
If now f ∈ X∗ is non-zero, then f‖f‖ ∈ S(X
∗) and according to the above manner
there exists x ∈ S(X) such that f‖f‖ (x) = 1.
Corollary 3. Let X is finite dimensional. If the norm is Gateaux differen-
tiable, then it is Fre´chet differentiable.
Proof. Since the norm is Gateaux differentiable at x ∈ S(X), there exists a unique
f ∈ S(X∗) such that f(x) = 1. Let (fn)
∞
n=1 ⊆ S(X
∗) and lim
n→∞
fn(x) = 1. Accord-
ing to the S˘mulian’s theorem, it is sufficient to show (fn)
∞
n=1 converges. Since S(X
∗)
is a closed and bounded subset in a finite dimensional space it is compact. Thus
(fn)
∞
n=1 has a convergent subsequence (fnk)
∞
k=1. Let lim
k→∞
fnk = f1. Consequently,
lim
k→∞
fnk(x) = f1(x) = 1.
But there is only one f ∈ S(X∗) such that f(x) = 1. So f = f1. Therefore each
(fn)
∞
n=1 ⊆ S(X
∗) has a subsequence convergent to f which follows that (fn)
∞
n=1
converges to f .
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